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Abstract

Let D = (V,A) be a digraph and X a subset of V. Then, X is incom-
ing - path convexr (ip-convex) if, for any vertex v € X, every incoming path
of v is completely contained in X. Here we investigate the convexity num-
ber, rank, interval number, and the convexity invariants such as Caratheodory
number, Helly number, Radon number, and exchange number with respect to

the ip-convex.

1 Introduction

A convexity on a set is a family of subsets which is stable for intersection and nested
unions.The notion of converity finds a large number of applications in several fields.
There are several convexity spaces defined in the set of vertices of a graph. Directed
graphs (or short digraphs) and digraph convezity [1, 3, 6, 8] have immense applications
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in almost all areas of science. In [5] ip-convezity in digraphs was introduced and
some results are proved in ip-convex hulls and in ip-hull sets. Another important
idea that is used in various fields of Mathematics is the Exchange properties. The
invariant exchange number for a convexity space e was introduced by Sierksma [7]
in 1975. The relationship between the exchange number and the classical convexity
invariants, namely the Caratheodory, Helly, and Radon numbers, has been studied
by these authors. The relation e < ¢+ 1 is proved by Sierksma in [7]. Our aim is to
study convexity notions such as the convexity number[4], rank, interval number, and
convexity invariants such as Caratheodory number, Helly number, Radon number
and exchange number with respect to ip-convex.

2 Preliminaries

A family C of subsets of a finite set X is a convexity on X if ) € C,X € C, and C
is closed under intersections. The elements of a convexity C are called convex sets
and the ordered pair (X,C) is a convezity space. The convex hull of a subset S C X,
denoted by < S > is the intersection of all convex sets containing S. A subset of
V is a hull set if its convex hull is equal to V', and the hull number is the minimum
cardinality of hull sets.

In [5], a set X of vertices of a digraph D is incoming - path convez (ip-convez) if,
for any vertex v € X, every incoming path of v is completely contained in X. Let C
be the collection of ip-convex sets in a digraph D on V. We call the pair (V,C) the
1p-convexity space of D.

The ip-convexity number is the maximum cardinality of a proper ip-convex set
in C. The Cardinality of a maximum ip-convexly independent set is known as the
ip-rank. The ip-interval number is the cardinality of a smallest ip-interval set X of V.
A convex structure X gives rise to the following numbers h(X),r(X), c(X),e(X), €
{0,1,...,00} determined by the following prescription. h(X) is the maximum cardi-
nality of a H-independent set, ¢(X) is the maximum cardinality of a C'-independent
set, e(X) is the maximum cardinality of a E-independent set. In [2], the Radon num-
beris the smallest integer r (if it exists) such that every r-element set S C X admits
a Radon partition.

3 Convexity Number, Rank, and Interval Number

Theorem 1. If D = (V, A) is a DAG with n vertices, then the ip-convexity number
s n— 1.

Theorem 2. If D is a digraph and D s its superstructure, then ip-rank of D and
ip-rank of D are the same.



Theorem 3. If D is a digraph and D is its superstructure, then the ip-rank of D is
the cardinality of the largest set containing mutually unreachable sources and sinks in

D.

Theorem 4. [f D = (V, A) is a DAG, then the ip-interval number of D is the number
of its sinks.

Theorem 5. If D = (V, A) is a digraph, then the ip-interval number of D is the
number of sinks in its superstructure D.

4 The Caratheodory, Helly, Radon, and exchange
number

Theorem 6. If D = (V, A) is a directed graph, with ip-convezity C, then the Carathéodory
number s ¢ = 1.

Theorem 7. If D = (V, A) is a directed graph which is not Hamiltonian, with ip-
convezity C, then the exchange number is e = 2.

Theorem 8. If D is a digraph and D is its superstructure, then Helly number of D
and Helly number of D are the same.

Theorem 9. If D = (V, A) is a DAG, with ip-convexity C, then the Helly number is
the number of sources in D.

Theorem 10. If D is a digraph and D is its superstructure, then the Radon number
of D and the Radon number of D are the same.

Theorem 11. If D = (V, A) is a DAG, with ip-convezity C, then the Radon number
1s the number of sources in D plus one.
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